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SUMMARY
Supercomputers are tools for the simulation of complex processes that require a very large number of operations to be
solved in a reasonable time. This technological devices have forced the application experts to adapt themselves to the new
way of designing computers and have motivated the development of parallel versions of their algorithms using specific
well-proven programming models. In this context, our aim is to explore EM inverse problem resolution, using PDEconstrained optimization algorithms that can exploit the features of the current technologies and be able to adapt to future
trends. The discrete adjoint method also known as first discretize-then optimize is a versatile and powerful technique to
obtain gradients in this kind of problems. It is based on the resolution of an adjoint linear system using information from
the discretized PDE. This property motivates its study and implementation using a legacy parallel PDE solver in order to
profit from the parallelization scheme already implemented in it. First we will explain the technical details of the discrete
adjoint method, and then we will show how to apply it to an EM forward model based in secondary potentials.
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INTRODUCTION: THE DISCRETE ADJOINT
METHOD
The discrete adjoint method, as described in (Jameson,
1988) and (Giles & Pierce, 1997), solves the problem
of finding derivatives with respect to design variables
(parameters of the PDE) of a cost functional in an infinite dimensional optimization problem (PDE-constrained
optimization) applying discretization schemes in order
to convert it into a finite dimensional problem. After
that, using Karush-Kuhn-Tucker (KKT) first order necessary conditions, adjoint variables are spawned and the
final expression of the derivatives is obtained applying
matrix-vector operations between those variables and explicit derivatives taken in the discretized constraints and
the discretized cost functional. The adjoint variables are
obtained by solving an adjoint problem. This problem
has the same dimension of the forward problem (the discretized PDE) and in some cases uses the same left-hand
side. The right-hand side is replaced by explicit derivatives of the cost functional with respect to the state variables (the main unknown in the PDE). In order to see all
the steps involved in this method, a simple example is
shown in the next paragraphs.
We consider the following PDE to be solved in a domain
Ω ∈ R2 , L a stationary linear differential operator over u
and f a source (we assume that u and f belong to suitable

functional spaces):
L(u) =
u =

f
0

in Ω
on ∂Ω

(1)

Discretizing the domain using a computational mesh Ωh
and applying some discretization method in the previous
equation (for example using the Finite Element method)
the following (possibly after reordering columns and
rows) linear system arises: Au = b with A ∈ Rn×n
and u, b ∈ Rn , being u the unknown vector. Once we
have the previous linear system our main task is to solve
it using direct or iterative methods. Now, let us consider
in equation (1) a parameter vector d ∈ Rd :
L(u, d) = f (d)
u =
0

in Ω
on ∂Ω

(2)

If we modify the parameter vector d, we can obtain different values of the solution u. The inverse problem in
this case, for a defined cost functional J (u, d) ∈ R, is as
follows:
minimize
d∈Rd

subject to

J (u, d)
L(u, d) = f (d)
u =
0

in Ω
on ∂Ω

(3)

Applying the discretization, this problem becomes:
minimize
d∈Rd

subject to

J(u, d)
R(u, d)

= 0

(4)

Peredo et al., 2013, Inverse modeling of 3D CSEM using a Parallel Discrete Adjoint method
with J : Rn × Rd → R a discrete version of the cost
functional and R : Rn × Rd → Rn defined as R(u, d) =
A(d)u − b(d). Considering that u depends on d through
u(d) = A(d)−1 b(d) (A(d)−1 is never calculated numerically), we can define a new cost function j : Rd → R that
satisfies j(d) = J(u, d) and the constrained optimization
problem (4) will have the same solution as the following
unconstrained optimization problem:
j(d)

minimize
d∈Rd

(5)

With this new unconstrained problem, our objective is to
calculate ∇d j(d) and perform a gradient-based search in
order to obtain a local minimum for j(d).
Taking the derivative of j(d) w.r.t. d using the chain rule,
we have:
∇d j(d) = ∇u J(u, d) · ∇d u(d) + ∇d J(u, d) (6)
An analytical expression for this derivative can be obtained if we take the derivative of the constraint function
R(u, d) and apply the chain rule:
∇u R(u, d) · ∇d u(d) + ∇d R(u, d) = 0

(7)

∇d u(d) = −[∇u R(u, d)]−1 · ∇d R(u, d)

(8)

The expression (8) uses the inverse of ∇d R(u, d) which
is impractical if n is large. In order to get rid off this
inconvenient, we can apply KKT first order necessary
conditions in the constrained optimization problem (4)
(∇(u,d) L(u, d, λ) = 0 with L denoting the Lagrangian
applied to problem (4) without constraints on the Lagrange multiplier λ) and obtain two equations:
∇d J(u, d) − λTd ∇d R(u, d)

=

0

(9)

λTu ∇u R(u, d)

=

0

(10)

∇u J(u, d) −
From (10) we have:

∇u J(u, d) = λTu ∇u R(u, d)

(11)

The equation (11) is called the adjoint problem with its
solution λu the adjoint variable. Using (11) and (8) into
(6), we have:
∇d j(d)

=

−λTu ∇d R(u, d) + ∇d J(u, d) (12)

The last expression (12) is the modified version of the
derivative of j(d) w.r.t. d. In this expression three elements are needed λu , ∇d R(u, d), ∇d J(u, d). Aditionally, two extra elements are needed to build the adjoint
problem (11): ∇u R(u, d), ∇u J(u, d). To summarize,
we need to calculate four explicit derivatives and solve
one aditional linear system with the same dimension as the
forward problem. This linear system can be solved using

almost the same routines previously used to solve the forward problem Au = b, however implementation issues
arise if we are dealing with parallel solvers. The construction of the explicit derivatives can be done in several ways.
If we don’t have access to the code that calculates J(u, d)
and R(u, d), running several times each routine and calculating finite differences with those results can be done
to obtain an estimation of the derivatives (excessive time
consuming arises in this context). On the other hand, if we
have access to the code and this code follows some programming patterns, the best alternative is to use automatic
differentiation to generate the code of routines that calculates those derivatives. If the code is not well structured
or doesn’t follow the required programming patterns, we
can still calculate the derivatives by hand, identifing the
parts of the code where the corresponding variables are
used and changing the values by the explicit derivatives at
hand. The five steps involved in the calculation of ∇d j(d)
can be summarized as:
1. Obtain u solving R(u, d) = 0.
2. Calculate the explicit derivatives ∇u J(u, d) and
∇u R(u, d) using automatic differentiation, finite
differences or taking derivatives by hand.
3. Obtain λ solving ∇u R(u, d)T λ = ∇u J(u, d)T .
4. Calculate the explicit derivatives ∇d J(u, d) and
∇d R(u, d) using automatic differentiation, finite
differences or taking derivatives by hand.
5. Calculate ∇d j(d)
∇d J(u, d).

=

−λT ∇d R(u, d) +

Following the example of equations (2)-(5), the adjoint problem is defined as A(d)T λ = c(u, d) with
∇u R(u, d)T = A(d)T , ∇u J(u, d)T = c(u, d) and
λ = λu . The derivative of R w.r.t. d is: ∇d R(u, d) =
∇d A(d)u − ∇d b(d) Finally, with the derivative of j
at our disposal we can update the values of the design
variables as dk+1 = dk + αk pk , using descent directions pk based on steepest descent, conjugate gradient
or quasi-Newton methods among others, combined with
line-search strategies to obtain step lengths αk , in order to
solve the problem 5.
Concerning the implementation issues of this method we
will show a novel way to solve the adjoint system into the
legacy PDE solver, which re-uses the already assembled
matrix A(d) combined with transposed parallel iterative
linear system solvers.
EM FORWARD MODELING
The forward model studied, described in (Puzyrev et
al., 2013) following ideas from (Badea, Everett, Newman, & Biro, 2001), is formulated in terms of secondary
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Coulomb-gauged EM potentials (As , ∇Φs ) with Dirichlet
boundary conditions in a 3D domain Ω as follows:
∇2 As +iωµ0 σ(As +∇Φs ) = −iωµ0 δσ(Ap +∇Φp ) (13)
∇·(iωµ0 σ(As +∇Φs )) = −∇·(iωµ0 δσ(Ap +∇Φp ))
(14)

And finally if we consider the dependency of z on d (because the linear system has unique solution), z := z(d),
the constrained optimization problem becomes an unconstrained optimization problem with a new cost function
j : Rd → R as defined in (5). The next step is the calculation of ∇d j and this is done as follows:
∇d j

The design variables in this problem are modeled as the
variations δσ in the electrical conductivity σ(x, y, z) :=
σbase (x, y, z) + δσ(x, y, z) ∈ R3×3 (diagonal). Using a
finite element discretization with N nodes, we can obtain
a 4N × 4N linear system as follows:
K(d)z = f (d)

(15)

with d as the discrete values of δσ in the domain, z =
(A1s , A2s , A3s , Φs )T ∈ C4N , K(d) ∈ C4N ×4N and
f (d) ∈ C4N . We will refer to vector z as state variables
and vector d as design variables, and the number of state
variables as s = 4N and the number of design variables
as d. For example, assuming isotropy in the electrical conductivity and δσ being uniform in all the domain (only one
material), the number of design variables is d = 1. On the
contrary, assuming anisotropy and δσ := δσ(x, y, z) dependent on the spatial coordinates, the number of design
variables is d = 3N .
EM INVERSE MODELING

J(z, d)

=

δ(zk −

zkobs )(zk

= Dz J · ∇ d z + Dz J · ∇ d z + Dd J
T

= (z − z obs ) M obs ∇d z +
(z − z obs )T M obs ∇d z + 0

As we see in the example of the introductory section, we
will avoid the terms ∇d z and ∇d z using the derivative
of the constraints R(z, z, d) and the KKT conditions of
the constrained optimization problem (the steps to obtain
them are escentially the same):
∇d z

=

−K(d)−1 Dd R(z(d), z(d), d)
|
{z
}

(20)

Dd R

An equivalently for its conjugate R(z(d), z, d) =
K(d)z − f (d):
h
i−1
Dd R(z(d), z(d), d)
∇d z = − K(d)
(21)
|
{z
}

−

Using the expressions in (20) and (21), the derivative of
the cost function j can be expressed as:
∇d j

zkobs )

k∈OBS
T

(19)

Dd R

Using the previous notation, we can define a misfit or cost
function J : Rd × C4N → R which will be used in a
minimization process.
X

= ∇d J(z(d), z(d), d)

= (z − z obs ) M obs (z − z obs )

T

= −(z − z obs ) M obs K(d)−1 Dd R +
h
i−1
−(z − z obs )T M obs K(d)
Dd R

(16)

(22)

where OBS is the set of indexes with observations, M obs
is a diagonal real matrix of size 4N × 4N with Mkobs =
δ > 0 if k ∈ OBS and Mkobs = 0 if k ∈
/ OBS. With
the equations (15) and (16) we can define the following
minimization problem:

In order to obtain the adjoint system and the final expression of the previous derivative, we need to calculate the
KKT conditions for the constrained optimization problem
(18) using the following real-valued Lagrangian function
L(z, z, d, λ) = J − 2< λT R , the adjoint system can
T

minimize

J(z, d)

subject to

K(d)z

d∈Rd

= f (d)

(17)

As explained in the introductory section, we can consider the linear constraints as a linear function R(z, d) =
K(d)z − f (d) and the problem takes the form of (4). For
technical reasons, we need to define the cost function and
the constraint function in terms of z and its conjugate z,
so the contrained problem becomes:
minimize

J(z, z, d)

subject to

R(z, z, d)

d∈Rd

= 0s×1

(18)

be expressed as K(d) λ = M obs (z − z obs ) or equivalently
K(d)T λ =

M obs (z − z obs )

(23)

and the derivative of the cost function j as:
∇d j

n T
o
= −2< λ Dd R

(24)

To handle the positiveness of the conductivity σ = σbase +
δσ > 0 we choose a natural logarithmic transformation
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γi = ln(σbase + di ), with di ∈ (−σbase , +∞] and γi ∈ R
for all i. With this transformation, we need to incorporate
the derivative of the inverse change of variable in the final
version of ∇γ j to get a well-posed unconstrained minimization problem:
∇γ j

=

o
n T
−2< λ Dd R · ∇γ d

(25)

same happens when only region 2 is active (middle). If
both regions are active (bottom), the gradient shows lower
values in both areas.
Concerning the CPU time, it takes approximately 9 minutes to calculate the gradient for 103098 nodal points using 800 processors. Several timing and profiling studies
are neccesary to get the full execution time characterization of the implementation, in order to optimize the current code and improve the CPU time.

EXAMPLE
In order to test our implementation, we design a synthetic
scenario of isotropic electrical conductivity and angular
frequency ω = 2π, with a 3D mesh depicted in figure 1
(200696 nodal points, 1189815 tetrahedral elements) with
two regions of different conductivities (σ1 = 0.05 and
σ2 = 0.01) embedded into the marine subsurface (white
region with σsubsurf ace = 1.2) at depths 800 and 1000
meters respectively, and water on top of the subsurface
(light-blue region with σwater = 3.3). The source is a
horizontal electric dipole of length 1.0 meter and current
1 A, placed 50 meters above the interface separating the
subsurface and the water regions. A 2D-grid of receivers
(yellow line) is displayed at depth 200 meters using a separation step of 500 meters (672 receivers).

Figure 2. Scaled gradient of the misfit function (first iteration). Top: only region 1 has different conductivity (σ1 = 0.05, σ2 = σsubsurf ace ).
Middle: only region 2 has different conductivity (σ1 = σsubsurf ace , σ2 = 0.01). Bottom: both regions have different conductivities
(σ1 = 0.05, σ2 = 0.01). Red values are higher
and blue are lower.
Based in the previous gradient calculation, our aim is to
develop a complete inversion algorithm for the CSEM forward model. We will show inversion examples for synthetic scenarios, together with misfit function plots and
CPU-time/speed-up results.

Figure 1. Synthetic scenario (plane ZX at Y = 0)
Our preliminary results about the gradient of the first iteration, starting from an initial state with σ1 = σ2 =
σsubsurf ace , can be viewed in figure 2 (in order to visualize the values, we scale the gradient using the for∂j
mula log10 (| ∂γ
| + ) with  = 10−28 ). We choose an
i
interest region defined by the limits x ∈ [−3300, 4000],
y ∈ [−2400, 2300] and z ∈ [−500, −1350] (103098
nodal points, 412393 tetrahedral elements) in which we
calculate the gradient according to equation (25). Three
different target states were tested. The first one has only
region 1 with different conductivity (σ1 = 0.05, σ2 =
σsubsurf ace ). In the second only region 2 has different
conductivity (σ1 = σsubsurf ace , σ2 = 0.01). In the third
one both regions have different conductivities (σ1 = 0.05,
σ2 = 0.01). In the top and middle plots we can see the influence of the region with different conductivity over the
gradient values. If only region 1 is active (top), the gradient shows lower values in the area near that region. The
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