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SUMMARY
We present a novel 3-D frequency domain inversion scheme to recover 3-D mantle conductivity from satellite magnetic
data, e.g. provided by the forthcoming Swarm mission. The scheme is based on an inversion of matrix Q-responses (Qmatrices), which relate external (inducing) and internal (induced) coefficients of the spherical harmonic expansion of the
time-varying magnetospheric field. This concept overcomes the problems associated with source determination inherent
to recent schemes based on direct inversion of internal coefficients. Matrix Q-responses are estimated from time series
of external and internal coefficients using iteratively re-weighted least squares and period averaging. A gradient-type
frequency domain inversion scheme has been developed to deal with matrix Q-responses. In order to make the inversion
tractable, we elaborated an adjoint approach to compute the data misfit gradient and parallelized the numerical code with
respect to frequencies and elementary sources, which describe the external part of the magnetospheric field. The inversion
scheme has been verified by computing Q-matrices for a given 3-D conductivity model and subsequently recovering this
model from the data.
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INTRODUCTION
Mapping the three-dimensional (3-D) electrical conductivity of Earth’s mantle is of great scientific interest, as
an improved knowledge of mantle conductivity provides
an advanced understanding of the mantle’s chemical and
physical properties and reflects the connectivity of constituents such as graphite, fluids and partial melt. Global
3-D electromagnetic (EM) induction studies can thus provide complementary information to global seismic tomography, which is used to ascertain the mantle’s bulk mechanical properties.
To date, only ground-based data from the global network of geomagnetic observatories have been used to
obtain global 3-D images of mantle conductivity (e.g.
Kelbert, Schultz, & Egbert, 2009; Tarits & Mandea, 2010;
Semenov & Kuvshinov, 2012). However, bearing in mind
that geomagnetic observatories are sparsely and irregularly distributed with large gaps in oceanic regions and the
southern hemisphere, reliable global images of 3-D variations of mantle conductivity can hardly be obtained at
present or in the foreseeable future with the use of groundbased data alone.
In contrast to ground-based data, satellite-borne measurements from low-Earth-orbit (LEO) platforms provide a
better spatial coverage with data of uniform quality. The
forthcoming Swarm multi-satellite geomagnetic mission
(Friis-Christensen, Lühr, & Hulot, 2006) has prompted the

initiation of efforts to develop methodologies for recovering 3-D electrical conductivity variations from space. Approaches based on an inversion of internal (induced) coefficients of the spherical harmonic expansion (SHE) of
the magnetic potential due to signals of magnetospheric
origin in time domain (Velimsky, 2013) and frequency
domain (Püthe & Kuvshinov, 2013), respectively, yielded
promising results in model studies.
However, a 3-D inversion of internal coefficients has the
inherent shortcoming that it requires an actual description
of the source, in our case in the form of external (inducing)
SHE coefficients. In reality, the source is determined with
inevitable errors. This injects an uncontrolled uncertainty
into the resulting 3-D mantle conductivity images.
We present the concept of an alternative 3-D inverse solution that overcomes this problem. Our inversion scheme
is based on matrix Q-responses that connect (at a given
frequency) external and internal SHE coefficients. Time
series of these coefficients, whose determination is a prerequisite for our formulation, will be available as Swarm
data product (Sabaka & Olsen, 2006). The scheme avoids
complications with the actual description of the source;
we only need to know the structure of the source, namely
the specific set of SHE terms that we consider reasonable
to include in its description. Data analysis also allows a
direct estimation of uncertainties and covariances, which
can be incorporated into the inversion scheme.
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THEORY

MULTIVARIATE DATA ANALYSIS

In frequency domain, Maxwell’s equations read
1
∇ × B = σE + jext ,
µ0
∇ × E = iωB.

(1)
(2)

Here, B(r, ϑ, ϕ) and E(r, ϑ, ϕ) are magnetic and electric fields, respectively, and jext (r, ϑ, ϕ) is an impressed
source current, with r, ϑ and ϕ being distance from
Earth’s centre, colatitude and longitude, respectively.
σ(r, ϑ, ϕ) is the spatial conductivity distribution in the
Earth and µ0 is the magnetic permeability of free space.
Note that the dependence of B, E and jext on angular
frequency ω is omitted but implied. Also note that time
dependence is accounted for by e−iωt .
In the source-free region above the conducting Earth, but
below the magnetosphere, the magnetic field B can be
written as gradient of a scalar magnetic potential V , i.e.
B = −∇V . Since B is solenoidal, V satisfies Laplace’s
equation (∇2 V = 0) and can be represented as sum of
external and internal parts, V = V ext + V int , which read
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where Qlm
kn is a transfer function we refer to as “matrix Qresponse” or “Q-matrix”. Note also that we for simplicity
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with Pn (cos ϑ) being the Schmidt quasi-normalized associated Legendre polynomial of degree n and order |m|.
Note that in eqs (3)-(4), we use different indices for external and internal coefficients to account for the 3-D structure. In a 3-D Earth model, every external coefficient εm
n
induces a whole series of internal coefficients ιlk , such that
X
m
ιlk (ω) =
Qlm
(6)
kn (ω)εn (ω),

=
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Ykl (ϑ, ϕ).

l
Here, a is Earth’s mean radius, εm
n (ω) and ιk (ω) are the
expansion coefficients of the external (inducing) and internal (induced) parts of the potential, and Ynm is the spherical harmonic of degree n and order m,

X

In the context of EM sounding research, usually not
more than two transfer functions are determined for one
single field component, as for instance in magnetotellurics. One of the exceptions is Schmucker’s methodology (Schmucker, 2003), which combines gradient sounding and geomagnetic depth sounding, and which involves
the determination of five transfer functions for one (vertical) magnetic field component. In our case, Ns transfer
functions need to be determined for each internal coefficient ιlk , where Ns is the number of SHE terms describing
the (magnetospheric) source. But bearing in mind that this
source has a large-scale spatial structure, a moderate number of SHE terms (Ns ≤ 9; with n ≤ 3, m ≤ 1) seems to
be adequate to describe the source.

(7)

k=1 l=−k

where Nε and Nι are maximum (cut-off) degrees for external and internal coefficients, respectively.

Figure 1. From left to right: Real and imaginary part
of Q and uncertainties δQ for a period of 4.0
days. Each row corresponds to one internal coefficient ιlk , with ascending k = 1 . . . 3, l =
−k . . . k from top to bottom. Each column corresponds to one external coefficient εm
n , with
ascending n = 1 . . . 3, m = −1 . . . 1 from left
to right. The gaps in the diagonal are due to
this ordering and the “missing” external coefficients for m > 1.
To estimate the elements of the Q-matrix, we developed
a multivariate data analysis scheme based on the sectionaveraging approach (e.g. Olsen, 1998) and iteratively reweighted least squares (e.g. Aster, Borchers, & Thurber,
2005). We also applied smoothing over neighbouring frequencies to stabilize the estimates. To verify the scheme,
we used realistic time series of external coefficients εm
n (t)
(n ≤ 3, m ≤ 1, i.e. Ns = 9), obtained by analysis of 4.5
years of observatory data, and generated synthetic time series of corresponding internal coefficients ιlk (t) (k, l ≤ 3)
by simulating induction in a 1-D Earth model.
Figure 1 shows real and imaginary part of the estimated
Q-matrix as well as uncertainties δQ for a period of 4
days. As expected for a 1-D model, the Q-matrix is diagonally dominant (at least for the real part). The large
uncertainties in the second row (belonging to ι01 ) are due
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to the dominance of the term ε01 . Figure 2 shows the real
part of the diagonal entries of the Q-matrix for n = 2
in comparison to the analytical solution Q2 for the given
1-D model (note that the scalar 1-D Q-response only depends on the degree n). Overall very good agreement is
observed in the whole period range between 12 hours and
108 days.

uncertainties δQlm,exp
(ω) serving as weights. The regukn
larization term φs in eq. (8) is a smoothing term and more
conveniently written as
φs (m) = (Wm)> (Wm),

(10)

where W is the regularization matrix.
As for the mantle conductivity inversion scheme based on
internal coefficients (Püthe & Kuvshinov, 2013), we use a
gradient-type method (quasi-Newton) to solve the inverse
problem. In order to compute the data misfit gradient, we
elaborated an adjoint approach. The adjoint source um
n (of
degree n and order m) for this specific problem is given
by

∗
lm,pred
(m, ω) − Qlm,exp
(ω)
X Qkn
kn
hlk ,
um

2
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k,l
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(ω)
(11)
with
hlk (r) =

Figure 2. Diagonal entries of the real part of Q for n = 2
and periods between 12 hours and 108 days.
The black solid line indicates the analytical solution for the given 1-D model.
For enhanced robustness, data analysis techniques
planned in future involve the jack-knife approach, singular value decomposition and repeated median estimates
(Smirnov, 2003).
INVERSION CONCEPT
We formulate the inverse problem of conductivity recovery as an optimization problem, i.e. we minimize a
penalty function φ, given as
φ(m, λ) = φd (m) + λφs (m),

(8)

with φd being the data misfit and λ and φs being a regularization parameter and a regularization term, respectively.
The data vector m represents the 3-D mantle conductivity
structure. φd can be written as
2
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i.e. as the weighted sum (over a set of frequencies Ω) of
the squared differences between experimental (observed)
and predicted (modeled) entries of the Q-matrix, with the
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being a fictitious magnetic source, consisting of radial
magnetic dipoles distributed along Earth’s surface S. The
upper asterisk ∗ denotes complex conjugation, er is the
radial unit vector, δ(r − r0 ) is Dirac’s delta function, and
2
Ykl is the squared norm of the spherical harmonic Ykl .
For details of the derivation see Püthe and Kuvshinov
(2013) and Pankratov and Kuvshinov (2010).
We parameterize the model domain using spherical harmonics and stabilize the solution with W by down
weighting harmonics of high degrees. Parallelization of
the numerical code with respect to Nω frequencies and
Ns sources accelerates the calculations.
We verified our inversion scheme as follows: Magnetic
fields due to elementary sources were calculated in a 3-D
“target” mantle conductivity model using an integral equation solver (described in Kuvshinov & Semenov, 2012).
Q-matrices (for n ≤ 3, m ≤ 1, k, l ≤ 5) were subsequently obtained by spherical harmonic analysis of the
simulated magnetic fields. These noise-free data were
used as input for our inversion. Figure 3 shows the target
model (left column) and the model recovered with the Qmatrix inversion scheme (right column), using Nω = 14
periods (between 2 days and 60 days) and Ns = 9 sources.
Note that the laterally heterogeneous surface shell representing the distribution of oceans and continents, which
comprises the top 10 km, was fixed during inversion, as its
contribution to the induced field is assumed to be known.
The excellent recovery of the large-scale anomaly in the

C. Püthe and A. Kuvshinov, 2013: Mapping 3-D mantle conductivity using matrix Q-responses
mid-mantle verifies our inversion algorithm. Note that the
stratifications of target model and recovered model in Figure 3 are different, and that the resolution is limited by the
maximum degree of the data (here, k = 5).
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