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SUMMARY
This paper reviews recent advances in 3D EM modelling and inversion, based on integral equation (IE) method. While
the basic theory of the IE method has long been established, advances in algorithms, software engineering, and
computing resources have significantly expanded the IE method’s capabilities and applications. We demonstrate in this
paper how the IE method can simulate the same model complexity as finite-difference (FD) or finite-element (FE)
methods, while providing efficient inversion algorithms. We present the case studies for the inversion of the marine and
airborne EM data for very large-scale 3D earth models.
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INTRODUCTION
For nearly forty years, the integral equation (IE) method
has been a powerful method for 3D EM modeling and
inversion. The principles of IE method were formulated
practically simultaneously in the papers by Raiche
(1974), Weidelt (1975), and Hohmann (1975). Over the
last thirty years, generations of EM modellers have
contributed to the development of the IE method (e.g.,
Wannamaker, 1991; Dmitriev and Nesmeyanova, 1992;
Xiong, 1992; Xiong and Tripp, 1994; Singer and
Fainberg, 1995; Avdeev et al., 1997, 2002; Hursán and
Zhdanov, 2002; Zhdanov et al., 2006).
The main advantage of the IE method when compared to
the various finite-difference (FD), or finite-element (FE)
methods is the fast and accurate simulation of EM data
for models of compact 3D targets embedded in layered
backgrounds. Traditional implementations of the IE
method result in small but full linear systems that can be
solved using direct methods. However, the governing
equations of the IE method can also be considered as
convolutions of the Green’s tensors and scattered
currents, meaning the linear system can be decomposed
to Toeplitz or block-Toeplitz structures. For iterative
solvers, this means 2D FFT convolutions can be used for
fast matrix-vector multiplications, resulting in a
significant decrease in runtimes compared conventional
implementations of iterative solvers (Hursán and
Zhdanov, 2002). Further, the multiple-domain IE (Endo
et al., 2009) enables this method to be applied to the
computation for models with the same complexity as FD
or FE methods. Finally, implementation of the moving
sensitivity domain makes practical the inversion of
extremely large scale land, marine, and airborne EM
surveys (Cox and Zhdanov, 2007; Cox et al., 2010;
Zhdanov et al., 2011a, 2011b, 2011c, 2012).

INTEGRAL EQUATION MODELING
It is well known that we can derive a vector Fredholm
integral equation of the second kind for the scattered
electric fields for the model domain D:
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( , ) is the body-to-body electric Green's
where
tensor for the background conductivity model.
Anisotropic conductivity is easily introduced via the
background conductivity model, ( ), and subsequent
background electric field and Green’s tensor evaluations.
The volume integration is only evaluated over those cells
in the model where the conductivity differs from the
background conductivity. The advantage of the IE
method over the various FD, FV, or FE methods is that
the entire 3D earth model need not be discretized with an
appropriate choice of boundary conditions so as to
emulate an unbound 3D earth model. Rather, an
appropriate background conductivity model is chosen,
and only the volume of interest is discretized, with all
boundary conditions perfectly matched. This means
that we can simultaneously solve equation (1) for
multiple domains:
( )=∑
( , ) ∆ ( ) ( ) + ( ) , (2)
where all of the domains are fully coupled. Each domain
may be of different dimensions and/or discretization. For
example, in marine EM applications, we may finely
discretize one domain for the bathymetry, have another
coarsely discretized for regional (background)
sedimentary structures, and finely discretize a third
domain incorporating the reservoir formations of

Zhdanov et al., Advances in 3D large-scale EM modeling and inversion
interest. This is the basis of the multi-domain (Endo et
al., 2009) and inhomogeneous background conductivity
(Zhdanov et al., 2006) algorithms for the IE method.
Using the method of moments, equation (2) can be
reduced to the linear system:
( −

∙∆ )

=

∙∆ ∙

,

(3)

is the vector of the scattered electric fields,
where
is the identity matrix,
is the matrix of volumeintegrated body-to-body electric Green's tensors for the
background conductivity model, and ∆ is a diagonal
matrix of anomalous conductivities. Equation (2)
requires the total electric field in each cell, and this is
computed as the sum of the background and anomalous
electric fields. For high conductivity contrasts, this can
propagate numerical errors due to the finite precision of
adding numbers of similar amplitude but opposite sign.
By adding the background electric fields to both sides of
equation (3) and after some algebra, we can instead
obtain the linear system:
( −

∙∆ ) =

,

(4)

which directly solves for the total electric field, ,
instead of the scattered electric field, , while retaining
the distributed source in terms of the background electric
fields,
. This is a unique property of IE methods and
their hybrids. That said, equation (4) requires the
solution of a large, dense, and ill-conditioned matrix
system. Following Hursán and Zhdanov (2002), we precondition equation (4) with contraction operators to
improve the conditioning of the matrix system. We can
then write equation (4) in the form:
= ,

(5)

where and are the vectors of preconditioned total
and background electric fields, respectively. As shown
by Hursán and Zhdanov (2002), if the anomalous
domains are discretized into an
×
horizontally
homogeneous array of cells, the scattering matrix has a
block Toeplitz structure. Specifically, this means the
number of unique Green’s tensor kernels (which
comprise ) is
×
times smaller than the number
of elements in . This provides for the economic storage
of , and avoids historic memory limitations associated
with storing the full (and redundant) . Further, we can
recognize that equation 2 represents a convolution of the
Green’s tensors with the scattered current. Thus,
equation (5) can be represented as a series of discrete 2D
convolutions followed by summation over the vertical
discretization. In scalar notation, we can write this as:
=∑

, ,

∑

ℓ

∗

(6)

is an array storing all different nonzero
where ℓ
scalar components of , and are the indices of the
corresponding scalar components of , and are the
indices of the source and receiver positions along the
vertical axis in the expression for the Green’s tensor, and
the asterisk (∗) denotes a discrete 2D convolution in the
horizontal plane. We can then apply the discrete
convolution theorem:
ℓ

∗

=

(ℓ

)∙

(

).

(7)

The advantage of equation (7) is that we replace the
direct matrix multiplication with fast Fourier transforms
(FFT), reducing the operation complexity from ( )
to
( log ) , where
=
× . This is very
advantageous for iterative solvers. In particular, we use
the complex generalized minimum residual method
(CGMRES) method as a solver for linear system (6),
because this method has been proven convergence
(Zhdanov, 2002).
Equation (7) can be parallelized over three levels. The
first is over frequency, and the second is over the
sources. These two are easy to implement, as they are
simply distributions over different sets of processor units
(PUs). The third level is over the model domain.
However, parallel computing libraries, generally, are not
optimized for solving equation (7), as the parallel FFT is
one of the most difficult operations on shared memory
parallel architectures. To overcome this, we use a 1D
block cyclic distribution which has good memory access
in the serial order in each PU. Note that the performance
depends on the costs of the FFT and of the
interprocessor communications. This balance can be
changed by optimizing the code and hardware, and the
size of the modeling grid.
Relative to modeling, inversion subroutines consume
considerably less time and resources. Yet, for
optimization, inversion subroutines are also parallelized
over the z discretization. The domain
layers are
distributed to the processors in sequential order, each PU
having the number of layers equal to the total number
of layers in the inversion domain ( ). All inversion
data structures that span the model domains (e.g., model
weights, conductivities, Frechet derivatives, etc) are
distributed in this manner. Each PU holds in its memory
and evaluates only the layer assigned to it. As there is
minimal inter-cell dependence on the evaluation of the
model domain data, the inversion subroutines use only a
limited amount of communication to evaluate the
minimization step length.
CASE STUDIES
IE methods have been applied to all EM modeling and
inversion problems, including airborne EM (Cox et al.,
2010), marine EM (e.g., Zhdanov et al., 2011a, 2011b,
2012), and land EM (e.g., Zhdanov et al., 2011c). As
examples of our massively parallelized IE-based

Zhdanov et al., Advances in 3D large-scale EM modeling and inversion

Gemini, marine MT
Gemini Prospect is located about 200 km southeast of
New Orleans in water about 1 km deep in the northern
Gulf of Mexico. The salt body at Gemini Prospect has
been determined by 3D seismic reflection survey,
revealing a complex 3D salt structure at depths 1 to 5 km
beneath the seafloor in 1 km deep water and has a high
electrical resistivity compared with surrounding
sediments (Key, 2003). In 1997, 1998, 2001, and 2003,
MT data were collected at 42 sites in a two-dimensional
(2D) grid over the Gemini salt body using broadband
MT sensors developed by the Scripps Institution of
Oceanography (Constable et al., 1998).

permafrost. An 1800 line kilometre RESOLVE
frequency domain survey was flown in the area to study
the permafrost features in the area and create a
groundwater model.
We have inverted RESOLVE (frequency-domain
airborne system) acquired over the Ft. Yukon, Alaska.
The RESOLVE data consisted of co-planar data acquired
at 380 Hz, 1800 Hz, 8200 Hz, 40000 Hz, and 128000 Hz,
and co-axial data acquired at 3300 Hz. The 3D earth
model spanned 30 km in the inline direction, 10 km in
the cross-line direction, and 140 m in depth. The cells
were 15 m in the inline direction, 50 m in the cross-line
direction, a varied from 1 m to 14 m in thickness. In total,
the model contained 7.5 million active inversion cells.
The airborne data were gathered to study the creation
and refreezing of taliks in interior Alaska. Areas of
permafrost are shown as very resistive (dark blue), while
unfrozen sands, silts, and clays are lower resistivity (reds
and whites), in Figure 2. The town of Ft. Yukon was a
no-fly zone, and is located at 580000mE and
7383000mN. There are many lakes in the area under
which the soil is in various stages of freezing and
thawing. The inversion results were used to model the
thermodynamic evolution of these lakes and associated
permafrost features.

Figure 1. A vertical cross-section (top) and a 3D view
(bottom) of the resistivity model overlapped with
seismic sections.

Figure 2. A prospective view of inverse 3D resistivity
model.
CONCLUSION

software, we present case studies for the inversion of (1)
marine MT data from Gemini Prospect, Gulf of Mexico,
and (2) AEM data from Ft. Yukon, Alaska, including the
use of a moving sensitivity domain modified from Cox
and Zhdanov (2007), and Cox et al. (2010).

We have inverted marine MT data (thirteen frequencies
from 0.004005 to 1.0009 Hz) acquired over the Gemini
Prospect, Gulf of Mexico. The 3D earth model spanned
16 km in the easting, 25 km in the northing, and 8 km
with depth, and was discretized into cells of 125 m x 125
m dimension that were 50 m thick at the sea bottom and
logarithmically increased with depth. In total, the model
contained 1,638,400 cells.
The 3D resistivity model recovered from our inversion
(Figure 1) resolves very clearly the shape and location of
the salt-dome structure that was determined using 3D
seismic prestack depth migration.
Yukon, AEM
Ft. Yukon is located at the confluence of the Yukon and
Porcupine Rivers in the interior of Alaska. The area lies
at the boundary of continuous and discontinuous

Over the last 40 years, the IE method has evolved from a
purely academic technique into a practical method for
mega-cell 3D modeling and inversion of land, borehole,
marine, and airborne EM data. With advances in
algorithms, software engineering, and computing
resources, the IE method now has the same model
complexity as any of the finite-difference or finitevolume methods, while providing efficient inversion
algorithms. The advantage of the IE method is that it can
be formulated to solve for the total field while using a
distributed source term. This not only ensures an
accurate solution for modeling, but provides a rapid and
accurate means for computing sensitivities and/or adjoint
operators required in 3D EM inversion. The IE method
can also be used to incorporate the moving sensitivity
domain, which provides the basis for extremely large
scale airborne and marine EM data inversion.
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