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SUMMARY

We have developed a novel goal-oriented adaptive mesh refinement approach for finite-element methods to model plane
wave electromagnetic fields in 3D earth models based on the electric field differential equation. To handle complicated
models of arbitrary conductivity, magnetic permeability and di-electric permittivity involving curved boundaries and sur-
face topography, we employ an unstructured grid approach. The electric field is approximated by linear curl-conforming
shape functions which guarantee the divergence-free condition of the electric field within each tetrahedron and continuity
of the tangential component of the electric field across the interior boundaries. Based on the non-zero residuals of the
approximated electric field and the yet to be satisfied boundary conditions of continuity of both the normal component of
the total current density and the tangential component of the magnetic field strength across the interior interfaces, three
a-posterior error estimators are proposed as a means to drive the goal-oriented adaptive refinement procedure. The first
a-posterior error estimator relies on a combination of the residual of the electric field, the discontinuity of the normal com-
ponent of the total current density and the discontinuity of the tangential component of the magnetic field strength across
the interior faces shared by tetrahedra. The second a-posterior error estimator is expressed in terms of the discontinuity
of the normal component of the total current density (conduction plus displacement current). The discontinuity of the
tangential component of the magnetic field forms the third a-posterior error estimator. Based on numerical examples, we
found that the error estimator using face jumps of normal components of current density embedded in the goal-oriented
adaptive refinement procedure shows the most efficient performance.
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INTRODUCTION

3D electromagnetic modeling is an active research topic
in the geophysical community due to its core role in in-
verting for near-surface structure using electromagnetic
data. Typically, the simulation methods can be divided
into four classes: volume integral methods (Zhdanov
et al., 2006), surface integral methods (Ren et al., 2013)
, finite-difference methods (Streich, 2009) and finite-
element methods (Nam et al., 2007). The advantages and
disadvantages of these four methods are compared in re-
view papers such as Everett (2011). In this paper, our
method of choice is the finite-element method.

We use the electric field equation and check its capa-
bility for solving the geo-electromagnetic problem over
a wide frequency range. The total electric field is ap-
proximated by the lowest order curl-conforming edge-
based shape functions and by using unstructured tetrahe-
dral meshes. The OpenMP technique is adopted to assem-
ble and solve in parallel the final system of linear equa-
tions. To develop an accurate finite-element code with a
low computation cost, the adaptive refinement technique
is adopted and is further developed. Only in recent years,
the benefits of the adaptive refinement technique were

noticed by geo-electromagnetic modeling researchers for
2D MT problems (Franke et al., 2007) and for 2D and
2.5D controlled-source electromagnetic problems (Li &
Key, 2007). The successful application of the non goal-
oriented adaptive refinement technique to 3D controlled-
source problems and its performance, were recently re-
ported by Schwarzbach et al. (2011).

For plane-wave electromagnetic modeling problems
solved by the total field approach, it is more efficient to ap-
ply the goal-oriented adaptive refinement technique (Oden
& Prudhomme, 2001). For 3D plane wave problems us-
ing the total field approach, large numbers of unknowns
are encountered unless adequate boundary conditions and
mesh refinement algorithms are used. Because both artifi-
cial refinement techniques and non goal-oriented adaptive
approaches will lead to dense meshes in some areas which
do not contribute to the accuracy of the solutions, the
necessity of a goal-oriented adaptive approach becomes
more critical.

To drive the goal-oriented adaptive refinement procedure,
we propose three residual-based a-posterior error estima-
tors. The first error estimator is based on a combination of
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the volume residuals of the electric field, the face jumps
of the normal component of the total current density and
the tangential component of the magnetic field strength.
The second error estimator is based on jumps in the nor-
mal component of the total current density across inter-
nal faces, which actually is a measurement of how far the
divergence-free condition of the total current density is
fulfilled. The third approach is based on the face jumps
of the tangential component of the magnetic field, which
is a measurement of the basic continuity condition for the
magnetic field.

METHODS

A-posterior error estimators
If the electric field is appropriated in the edge-based fi-
nite element space Eh ∈ H(curl, T ), then, we define the
residual of the electric field as

re = ∇× 1

ξ
∇×Eh + χEh, (1)

where ξ = −iωµ is the impedivity, and χ is the admittiv-
ity, χ = σ − iωε.

Over an interior face F , define [ ·]F as the L2 differ-
ence norm operator cross the shared face, and note that
Eh belongs to H(curl, T ), the divergence-free condition
for the electric field inside each element is satisfied. The
divergence-free condition for the magnetic field is also
satisfied,∇·Bh = 1

iω∇·∇×Eh ≡ 0, since∇·∇× ≡ 0.
The tangential component of the electric field is continu-
ous across the interior surface F . This leads to [n̂×E]F =
0. Furthermore, note that n̂F · ∇ ×E = −∇ · (n̂F ×E),
therefore, [n̂ · B]F = 0. However, [n̂ · J]F 6= 0 and
[n̂×H]F 6= 0 due to Eh ∈ H(curl, T ).

First, we construct an a-posterior error estimator rJH
(ηeTn

) for a given tetrahedron Tn as

[ηeTn
]2 = h2

Tn
‖re‖2L2,Tn

+
1

2
hF {[n̂ · J]

2
F + [n̂×H]

2
F }. (2)

Here, F is redefined as the union of four triangles enclos-
ing the tetrahedron Tn, hF stands for the maximum diam-
eter of each triangle in F , hTn

is the maximum diameter
of the tetrahedron Tn.

Second, we construct an a-posterior error estimator J as

[ηeTn
]2 =

1

2
[n̂ · J]

2
F , (3)

and the third one (named as error estimator H) as

[ηeTn
]2 =

1

2
[n̂×H]

2
F . (4)

Boundary value problem for the dual problem
The dual problem of the orignal electric equation is de-
fined as

∇× 1

ξ
∇×W + χW = −

t∑
j=1

δjI

Vj
in Ω, (5)

−n̂× 1

ξ
∇×W = 0 on ∂Ω, (6)

where I = [1, 1, 1] is a vector of unit elements which acts
as a vector source injected into each tetrahedron of each
sub-domain of interest (including profiles), δj is the Dirac
delta function which is 1 over the entire sub-domain Ωj ,
and Vj denotes the volume of the jth sub-domain Ωj .

Goal-oriented adaptive refinement algorithm
In geo-electromagnetic modeling problems, we are inter-
ested in the accuracy of the electric field around the pro-
files, which is equivalent to decrease the numerical error
of following linear functional

L(E) =

t∑
j=1

1

Vj

∫∫∫
Ωj

E · Idv. (7)

Here, L(E) denotes the averaged electric field over t sub-
domains Ωj of interest, which contain the measuring pro-
files.

After some developments, we can estimate the numerical
error of L(E) as

ηL u |L(E)| =
Nt∑
n=1

ηeTn
ηwTn

, (8)

where ηeTn
is the element error indicator for E and ηwTn

is for W, Nt is the total number of elements. Both el-
ement error indicators can be ecomonically estimated by
the above error estimator J (equation 3), H (equation 4)
and rJH (equation 2).

The goal-oriented adaptive refinement strategy:

(a) Given a mesh T of Ω, compute the finite-element ap-
proximations Eh of the electric field and Wh of the
influence field. Estimate the element error indica-
tors ηeTn

and ηwTn
and also the numerical error ηL in

equation (8).

(b1) If ηL is not less than a given tolerance {, then search
the array of element error indicators and mark the
tetrahedra with new error indicators ηTn

L = ηeTn
ηwTn

satisfying

ηTn

L

max(ηTn

L )
= βn > β,  < β < , (9)
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where βn is the relative element error indicator and
β is a threshold value which controls the number of
refined elements. Then, generate a new mesh by di-
viding the volumes of the marked elements by a fac-
tor of 2, replace the old mesh Tn by the new mesh
and go back to step (a).

(b2) If ηL < { or the maximum number of unknowns or
iterations is reached, stop the refinement procedure
and go to step (c).

(c) Compute the magnetic field from the electric field us-
ing Faraday’s law.

NUMERICAL EXPERIMENTS

The trapezoidal hill model of Nam et al. (2007) at a fre-
quency of 2 Hz is considered. The purpose is to dis-
tinguish the performances of the three goal-oriented ap-
proaches. The obtained parameters on the 7th mesh re-
finement are listed in Table 1, as well as the average resid-
uals compared to surface integral solutions. Goal-oriented
adaptive approach J, shows the most robust performance.
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Figure 1. Horizontal electric fields of the Hp
x polariza-

tion (a) and the Ep
x polarization (b) as well as

the horizontal magnetic fields of the Hp
x po-

larization (c) and the Ep
x polarization (d) ob-

tained using goal-oriented approach J, com-
pared to the surface integral solutions (refer-
ence solutions) of the trapezoidal hill model
at a frequency of 2 Hz. The black curves are
obtained by the surface integral method (Ren
et al., 2013). The blue curves represent solu-
tions on the initial mesh, the green curves are
solutions on the 3rd mesh and the red curves
are solutions on the 7th mesh. The solid lines
are the real part of the field and the dashed lines
are the imaginary parts of the field.
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Figure 2. Apparent resistivities ((a) and (b)) and phases
((c) and (d)) obtained through goal-oriented
approach J, and compared to the surface in-
tegral solutions of the trapezoidal hill model
at a frequency of 2 Hz. The black curves
are obtained by the surface integral approach
(reference solutions of Ren et al. (2013)). The
blue curves represent solutions of the initial
mesh, the green curves are for solutions of the
3rd mesh and the red curves are solutions of the
7th mesh.

To carefully check the performance of goal-oriented ap-
proach J, we present in Figures 1 and 2 the horizontal
electric and magnetic fields, as well as apparent resistivi-
ties and phases, from the starting mesh, and the meshes
of the 3rd and the 7th iterations. In Figure 1, we ob-
serve that there are large differences in the solutions of the
three meshes for the y-component of the electric field of
the Hp

x polarization, but only slight differences for the x-
component of the electric field of theEp

x polarization. The
reason is that EHp

x
y is singular at the corners due to charge

accumulation. The correct convergence behaviour ob-
served in Figure 1b once again validates the goal-oriented
adaptive scheme using a-posterior error estimator J. The
final E and H solutions converge to the reference solu-
tions. Goal-oriented adaptive approach J also success-
fully forces the apparent resistivities and phases to con-
verge (see Figure 2) to the reference solutions at relatively
low cost, especially at the end points. Similar convergence
behaviour of the z-component of the magnetic fields of the
Ep

x polarization and the y-component of the vertical mag-
netic transfer function (Ty) can be observed in Figure 3
(due to the symmetry of the profile and the hill model,
H

Hp
x

z = 0 and Tx = 0).
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Table 1. Parameters of the mesh discretization of the three goal-oriented approaches for the trapezoidal hill model of
Nam et al. (2007) at a frequency of 2 Hz. In the adaptive refinement procedure, elements with βn > 0.05 (in
equation (9)) are marked to be refined. The residuals of the apparent resistivities and phases obtained by three
goal-oriented approaches are given w.r.t. the reference solutions obtained by the surface integral approach Ren
et al. (2013).

Method Mesh Level #Elements #Edges Average Residual
ρxya (Ωm) ρyxa (Ωm) φxya (o) φyxa (o)

goal-oriented approach rJH 7 953,218 1,107,619 1.45 3.80 0.16 0.16
goal-oriented approach J 7 88,698 104,344 1.58 3.62 0.09 0.09
goal-oriented approach H 7 500,201 580,996 1.26 3.71 0.10 0.09
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Figure 3. The z-component of the magnetic field of the
Hp

x polarization (a) and the y-component of
the VMTF (b) obtained through goal-oriented
approach J, which are compared to the sur-
face integral solutions of the trapezoidal hill
model at a frequency of 2 Hz. The black curves
are obtained by the surface integral approach
(reference solutions of Ren et al. (2013)). The
blue curves represent solutions of the initial
mesh, the green curves are for solutions of the
3rd mesh and the red curves are solutions of
the 7th mesh. The real parts are denoted by
the dashed lines and the imaginary parts by the
solid lines.

CONCLUSIONS

We have successfully developed and reported on a novel
goal-oriented adaptive finite-element scheme for plane
wave electromagnetic modeling using unstructured grids.
It has the capability to automatically improve the accuracy
for complicated problems involving curved subsurface in-
terfaces and topographic surfaces.

Since geophysical electromagnetic problems normally in-
volve large contrasts of conductivities, a-posterior error
estimator J based on the continuity condition of the nor-
mal component of the total current density exhibits the

most effective performance. Therefore, it might be the
most desirable error estimator for geophysical electro-
magnetic modeling problems.
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